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System of equations and staggered solution algorithm for immiscible
two-phase flow coupled with linear poromechanics
Saumik Dana
Traditional descriptions of water (or oil) flow in unsaturated deformable porous media
neglect the flow of the air phase by assuming that air always remains at atmospheric pressure
and that air is displaced without viscous resistance and is free to escape from or to enter
into the porous medium. However, flow in such porous media is basically a two phase
flow problem. The reader is refered to Liakopoulos [22] for an excellent rendition of the
issues arising out of flow of water through unsaturated porous medium (in the presence
of air phase). The reader is also refered to Narasimhan and Witherspoon [25], Schrefler
and Xiaoyong [29], Schrefler and Scotta [28], Laloui et al. [19], Khoei and Mohammadnejad
[18], Correa and Murad [10] for some of the renditions of numerics for multiphase flow
in the presence of deformable porous medium. Now, given that water and oil are liquids
whereas air is a gas, the underlying physics of the interaction between solid-water-oil phases
is different than that of solid-water-air phases. The first point of departure is the fact that
water and oil are both slightly compressible fluids whereas the air is highly compressible. As
a result, density variations in case of simultaneous water and air flow are expected to be more
significant in comparison to the case of simultaneous water and oil flow. As we shall see in
the next module, the poromechanical feedback to flow talks to the fluid densities and phase
saturations in the equations of continuity. As a result, simultaneous water and air flow is
expected to be more sensitive than simultaneous water and oil flow to the poromechanical
feedback. This document is a presentation of the equations of simultaneous water and
oil flow in deformable porous medium and linear poromechanics as well as the staggered
solution algorithm to solve the coupled system of eqautions.
Email address: saumik@utexas.edu (Saumik Dana)
1. Model equations
Let Ω ⊂ R3 be the flow domain with boundary ∂Ω = ΓfD ∪ Γ
f
N where Γ
f
D is Dirichlet
boundary and ΓfN is Neumann boundary. The equations of flow model are
∂(φ∗ρβSβ)
∂t
+∇ · zβ − ǫ
∂(φρβSβ)
∂t
= qβ (mass conservation)
zβ = −Kλβ(∇pβ − ρβg) (Darcy
′s law)
ρβ = ρβ0e
cβ(pβ−pβ0) (slightly compressible f luid)
pc = po − pw (capillary pressure)
Sw + So = 1 (constraint)
zβ · n = 0 on Γ
f
N × (0, T ]
pβ(x, 0) = pβ0(x), φ(x, 0) = φ0(x) ∀x ∈ Ω


(1.1)
where β ≡ w for the water (wetting) phase, β ≡ o for the oil (non-wetting) phase, pβ :
Ω× (0, T ]→ R are the phase pressures, zβ : Ω× (0, T ]→ R
3 are the phase fluxes, Sβ are the
phase saturations, ρβ are the phase densities, φ
∗ = φ(1 + ǫ) where φ is the porosity, and ǫ
is the volumetric strain, n is the unit outward normal on ΓfN , qβ is the source or sink term,
K is the uniformly symmetric positive definite absolute permeability tensor, λβ = kβρβ/µβ
are the phase mobilities where kβ are the phase relative permeabilities and µβ are the phase
viscosities, cβ are the fluid compressibilities and T > 0 is the time interval.
Let Ω ⊂ R3 be the poromechanics domain with boundary ∂Ω = ΓpD ∪ Γ
p
N where Γ
p
D is
Dirichlet boundary and ΓpN is Neumann boundary. The equations of poromechanics model
are
∇ · σ + f = 0 (linear momentum balance)
σ = Dǫ− αp¯I ≡ λǫI+ 2Gǫ− αp¯I (constitutive law)
f = ρ¯φg + ρr(1− φ)g
p¯ = pwSw + poSo = po − pcSw (average phase pressure)
ρ¯ = ρwSw + ρoSo (average phase density)
ǫ(u) = 12(∇u+∇
Tu)
u · n1 = 0 on Γ
p
D × [0, T ], σ
Tn2 = t on Γ
p
N × [0, T ]
u(x, 0) = 0 ∀ x ∈ Ω


(1.2)
where u : Ω × [0, T ] → R3 is the solid displacement, ρr is the rock density, G is the shear
modulus, λ is the Lame parameter, n1 is the unit outward normal to Γ
p
D, n2 is the unit
2
outward normal to ΓpN , α is the Biot parameter,f is body force per unit volume, t is the
traction boundary condition, ǫ is the strain tensor, D is the fourth order elasticity tensor
and I is the second order identity tensor.
1.1. Capillary pressure
drainage
pc
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Figure 1: Typical capillary pressure curves.
In two phase flow, a discontinuity in fluid pressure occurs across an interface between any
two immiscible fluids (e.g., water and oil). This is a consequence of the interfacial tension
that exists at the interface (Leverett [21], Hassler et al. [16], Bear [2]). The discontinuity
between the pressure in the nonwetting phase and that in the wetting phase, is referred to
as the capillary pressure pc. A typical curve of the capillary pressure is shown in Figure
1. The capillary pressure depends on the wetting phase saturation and the direction of
saturation change (drainage or imbibition). The phenomenon of dependence of the curve
on the history of saturation is called hysteresis. The value of water saturation at which the
capillary pressure is zero is Sc.
1.2. Relative permeability
Most of the experimental work on relative permeabilities has been done on two-phase
systems (Wyckoff and Botset [32], Muskat et al. [24], Leverett [20], Botset [3], Corey [9],
3
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Figure 2: Typical relative permeability curves.
Brooks and Corey [4]). Figure 2 shows typical results that might be obtained for an oil-water
system. As for capillary pressures, relative permeabilities depend not only on the wetting
phase saturation, but also on the direction of saturation change (drainage or imbibition).
Note that the curve of imbibition is always lower than that of drainage. For the wetting
phase, the relative permeability does not depend on the history of saturation. During the
imbibition cycle, the value of Sw at which water starts to flow is called the critical saturation
and the value of Sw at which oil ceases to flow is called the residual saturation. Similarly,
during the drainage cycle, the value of Sw at which oil starts to flow is called the critical
saturation and the value of Sw at which water ceases to flow is called the residual saturation.
In order of avoid the inversion of zero relative permeabilities at residual saturations, the
variables z˜β =
1
λβ
zβ are introduced (Singh et al. [30]). The Darcy’s law is then written as
K−1z˜β = −∇pβ + ρβg
2. Nature of coupling of immiscible two phase flow with linear poromechanics
The equation of continuity of slightly compressible single phase flow in non-deformable
porous medium (when poromechanics is not active) is parabolic with respect to the pressure
variable and degenerates to an elliptic equation when the fluid is assumed incompressible
(see Appendix A). As a result, the density variations are expected to be smooth (without
any localization) throughout the domain. On the other hand, the equations of continuity in
case of immiscible two phase flow in non-deformable porous medium (when poromechanics
is not active) degenerate to a hyperbolic equation in one of the phase saturations when
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capillary pressure is ignored (Aziz and Settari [1], Chavent and Jaffre´ [7], Chen et al. [8])
and fluids are incompressible (see Appendix B). It is well known that in such a scenario,
the phase saturations are highly localized in a narrow region of the domain (Buckley and
Leverett [6], Welge [31], Mohsen [23]). The capillary pressure, when relevant, acts to diffuse
the spread of the localization of the phase saturations over a wider domain whereas gravity
acts to enhance the localization (Rapoport and Leas [27], Perkins [26], Douglas et al. [12],
Fayers and Sheldon [13], Goumiri et al. [15]). It is clear from (1.1) that in the presence
of deformable porous medium, the volumetric strain computed from the linear momentum
balance talks to the fluid densities as well as the phase saturations in the equations of
continuity. As a result, the effect of the poromechanical feedback is not only a function
of the magnitude of the change in volumetric strain due to the deformation of the porous
medium but also the inherent nonlinearities in the flow model.
3. Decoupling assumption for staggered solution algorithm
Staggered solution schemes are those in which an operator splitting strategy is used to
split the coupled problem into well-posed subproblems which are then solved sequentially
instead of solving the coupled system of equations monolithically. The fixed stress split is
one such strategy that solves the flow problem while freezing the mean stress followed by
the mechanics problem in repeated iterations until a certain convergence criterion is met.
The mean stress σv is given as
σv =
1
3
tr(σ) = Kbǫ− αp¯
where Kb ≡ λ+
1
32G is the bulk modulus of the solid skeleton or the drained bulk modulus.
The basic idea of the fixed - stress split strategy is to solve for the pressure and flux degrees
of freedom at the current fixed - stress iteration based on the value of the mean stress from
the previous fixed - stress iteration. These pressures then contribute to the force vector
in the poromechanics system which is solved for displacements thereby updating the stress
state. This updated stress state is then fed back to the flow system for the next fixed -
stress iteration. Since this strategy condemns the porous solid to follow a certain stress
path during the flow solve, the convergence of the solution algorithm is not automatically
guaranteed.
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Algorithm 1 Pseudocode for staggered solution algorithm
for t ≤ T do ⊲ Loop over time steps
while convergence criterion not satisfied do ⊲ Loop over coupling iterations
while convergence criterion not satisfied do ⊲ Loop over Newton iterations
Solve (1.1) with mean stress fixed ⊲ flow equations
Solve (1.2) ⊲ poromechanics equations
4. Mixed finite element formulation for the flow model
Let Th be the finite element partition of Ω consisting of elements E. The problem
statement is : Find z˜βh , zβh ∈ Vh and pβh, Sw, So ∈Wh such that
∑
E∈Th
∫
E
K−1z˜oh · v =
∑
E∈Th
∫
E
poh∇ · v +
∑
E∈Th
∫
E
ρog · v
∑
E∈Th
∫
E
K−1z˜wh · v =
∑
E∈Th
∫
E
poh∇ · v −
∑
E∈Th
∫
E
pch∇ · v +
∑
E∈Th
∫
E
ρwg · v
∑
E∈Th
∫
E
φ∗ρoSow −
∑
E∈Th
∫
E
ǫφρβSow +
∑
E∈Th
∫
E
∆t∇ · zohw
=
∑
E∈Th
∫
E
(φ∗ρoSo)
nw −
∑
E∈Th
∫
E
ǫ(φρoSo)
nw +
∑
E∈Th
∫
E
∆tqow
∑
E∈Th
∫
E
φ∗ρwSww −
∑
E∈Th
∫
E
ǫφρwSww +
∑
E∈Th
∫
E
∆t∇ · zwhw
=
∑
E∈Th
∫
E
(φ∗ρwSw)
nw −
∑
E∈Th
∫
E
ǫ(φρwSw)
nw +
∑
E∈Th
∫
E
∆tqww
∑
E∈Th
∫
E
zoh · v =
∑
E∈Th
∫
E
λoz˜oh · v∑
E∈Th
∫
E
zwh · v =
∑
E∈Th
∫
E
λwz˜wh · v∑
E∈Th
∫
E
Sww +
∑
E∈Th
∫
E
Sow =
∑
E∈Th
∫
E
w


where the finite dimensional spaces Wh and Vh are given as
Wh ≡
{
w : w|E ∈ P0(E) ∀E ∈ Th
}
Vh ≡
{
v : v|E ↔ vˆ|Eˆ : vˆ|Eˆ ∈ Vˆ(Eˆ) ∀E ∈ Th, v · n = 0 on Γ
f
N
}
and the details of Vˆ(Eˆ) are given in Dana et al. [11]. Using the notations δ(k)(·) for the
change in quantity (·) over the (k+1)th Newton iteration and (·)k for quantity (·) evaluated
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at the kth Newton iteration, we arrive at the following
∑
E∈Th
[ ∫
E
K−1δ(k)z˜oh · v −
∫
E
δ(k)poh∇ · v −
∫
E
δ(k)ρog · v
]
= R1 (4.1)
∑
E∈Th
[ ∫
E
K−1δ(k)z˜wh · v−
∫
E
δ(k)poh∇ · v+
∫
E
δ(k)pch∇ · v −
∫
E
δ(k)ρwg · v
]
= R2 (4.2)
∑
E∈Th
[ ∫
E
δ(k)φ∗ρkoS
k
ow +
∫
E
φ∗
k
δ(k)ρoS
k
ow +
∫
E
φ∗
k
ρkoδ
(k)Sow
]
−
∑
E∈Th
[ ∫
E
δ(k)ǫφkρkoS
k
ow +
∫
E
ǫkδ(k)φρkoS
k
ow +
∫
E
ǫkφkδ(k)ρoS
k
ow +
∫
E
ǫkφkρkoδ
(k)Sow
]
+
∑
E∈Th
[ ∫
E
δ(k)ǫ(φρoSo)
nw +
∫
E
∆t∇ · δ(k)zohw
]
= R3 (4.3)
∑
E∈Th
[ ∫
E
δ(k)φ∗ρkwS
k
ww +
∫
E
φ∗
k
δ(k)ρwS
k
ww +
∫
E
φ∗
k
ρkwδ
(k)Sww
]
−
∑
E∈Th
[ ∫
E
δ(k)ǫφkρkwS
k
ww +
∫
E
ǫkδ(k)φρkwS
k
ww +
∫
E
ǫkφkδ(k)ρwS
k
ww +
∫
E
ǫkφkρkwδ
(k)Sww
]
+
∑
E∈Th
[ ∫
E
δ(k)ǫ(φρwSw)
nw +
∫
E
∆t∇ · δ(k)zwhw
]
= R4 (4.4)
∑
E∈Th
[ ∫
E
δ(k)zoh · v −
∫
E
δ(k)λoz˜
k
oh
· v −
∫
E
λkoδ
(k)z˜oh · v
]
= R5 (4.5)
∑
E∈Th
[ ∫
E
δ(k)zwh · v −
∫
E
δ(k)λwz˜
k
wh
· v −
∫
E
λkwδ
(k)z˜wh · v
]
= R6 (4.6)
∑
E∈Th
[ ∫
E
δ(k)Sww +
∫
E
δ(k)Sow
]
= R7 (4.7)
where the residuals R1, R2, R3, R4, R5, R6 and R7 are given by
R1 = −
∑
E∈Th
∫
E
K−1z˜koh · v +
∑
E∈Th
∫
E
pkoh∇ · v +
∑
E∈Th
∫
E
ρkog · v
R2 = −
∑
E∈Th
∫
E
K−1z˜kwh · v+
∑
E∈Th
∫
E
pkoh∇ · v−
∑
E∈Th
∫
E
pkch∇ · v +
∑
E∈Th
∫
E
ρkwg · v
R3 = −
∑
E∈Th
∫
E
φ∗
k
ρkoS
k
ow −
∑
E∈Th
∫
E
∆t∇ · zkohw +
∑
E∈Th
∫
E
ǫkφkρkoS
k
ow
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+
∑
E∈Th
∫
E
(φ∗ρoSo)
nw −
∑
E∈Th
∫
E
ǫk(φρoSo)
nw +
∑
E∈Th
∫
E
∆tqow
R4 = −
∑
E∈Th
∫
E
φ∗
k
ρkwS
k
ww −
∑
E∈Th
∫
E
∆t∇ · zkwhw +
∑
E∈Th
∫
E
ǫkφkρkwS
k
ww
+
∑
E∈Th
∫
E
(φ∗ρwSw)
nw −
∑
E∈Th
∫
E
ǫk(φρwSw)
nw +
∑
E∈Th
∫
E
∆tqww
R5 = −
∑
E∈Th
∫
E
zkoh · v +
∑
E∈Th
∫
E
λko z˜
k
oh
· v
R6 = −
∑
E∈Th
∫
E
zkwh · v +
∑
E∈Th
∫
E
λkwz˜
k
wh
· v
R7 = −
∑
E∈Th
∫
E
Skww −
∑
E∈Th
∫
E
Skow +
∑
E∈Th
∫
E
w
The variations of capillary pressure, phase mobilities, densities, fluid fraction, volumetric
strain and porosity are
δ(k)pch =
∂pc
∂Sw
δ(k)Sw
δ(k)λo =
∂λo
∂po
δ(k)poh +
∂λo
∂Sw
δ(k)Sw
δ(k)λw =
∂λo
∂po
δ(k)poh +
∂λo
∂Sw
δ(k)Sw
δ(k)ρo = coρ
k
oδ
(k)poh
δ(k)ρw = cwρ
k
w(δ
(k)poh −
∂pc
∂Sw
δ(k)Sw)
δ(k)φ∗ = ∂φ
∗
∂p¯
δ(k)p¯h
δ(k)ǫ = ∂ǫ
∂p¯
δ(k)p¯h
δ(k)φ = ∂φ
∂p¯
δ(k)p¯h


Now, the average pressure is given as p¯ = po − pcSw, as a result of which δ
(k)p¯h is given by
δ(k)p¯h =
∂p¯
∂po
δ(k)poh +
∂p¯
∂Sw
δ(k)Sw = δ
(k)poh − (
∂pc
∂Sw
Skw + p
k
ch
)δ(k)Sw
as a result of which we get
δ(k)φ∗ = ∂φ
∗
∂p¯
(δ(k)poh − (
∂pc
∂Sw
Skw + p
k
ch
)δ(k)Sw)
δ(k)ǫ = ∂ǫ
∂p¯
(δ(k)poh − (
∂pc
∂Sw
Skw + p
k
ch
)δ(k)Sw)
δ(k)φ = ∂φ
∂p¯
(δ(k)poh − (
∂pc
∂Sw
Skw + p
k
ch
)δ(k)Sw)


where the evaluations of ∂φ
∗
∂p¯
, ∂ǫ
∂p¯
and ∂φ
∂p¯
are explained in Appendix C.
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5. Continuous galerkin formulation for the poromechanics model
The problem statement is : find uh ∈ Uh such that
∑
E∈Th
∫
E
ǫ(q) : Dǫ(uh) =
∑
E∈Th
∫
E
αp¯∇ · q+
∑
E∈Th
∫
E
q · (ρ¯φg + ρr(1− φ)g) +
∑
E∈Th
∫
∂E∩Γp
N
q · t
(5.1)
where uh ∈ Uh is given by
Uh =
{
q = (u, v, w) : u|E, v|E , w|E ∈ Q1(E) ∀E ∈ Th,q = 0 on Γ
p
D
}
The discrete displacements uh and the corresponding strain tensor ǫ(uh) are written in
terms of the nodal displacement degrees of freedom represented by U as
uh =
∑
E∈Th
NU
ǫ(uh) =
∑
E∈Th
BU

 (5.2)
whereN is the shape function matrix and B is the strain-displacement interpolation matrix.
Equations (5.1) and (5.2) eventually lead to the following system of equations
KU = F (5.3)
where K and F are refered to as the global stiffness matrix and force vector respectively
and are obtained as
K =
∑
E∈Th
∫
E
BTDB
F =
∑
E∈Th
∫
E
αp¯∇ · q+
∑
E∈Th
∫
E
q · (ρ¯φg + ρr(1− φ)g) +
∑
E∈Th
∫
∂E∩Γp
N
NT t

 (5.4)
To simplify the computations, (5.4) is recast in compact engineering notation (see Hughes
[17]) wherein stresses σ, strains ǫ and identity tensor I are represented as vectors and fourth
order tensor D is represented as a second order tensor. The matricesN and B are also recast
appropriately.
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Appendix A. Parabolic elliptic nature of the differential equation of single
phase flow
The equation of continuity for single phase flow along with the Darcy’s law are given by
∂(φρ)
∂t
+∇ · (ρv) = q (A.1)
v = −Kρ(∇p− g) (A.2)
(A.1) can also be written as
1
ρ
∂(φρ)
∂t
+
1
ρ
∇ · (ρv) =
q
ρ
(A.3)
φ
1
ρ
∂ρ
∂t
+
∂φ
∂t
+ v ·
1
ρ
∇ρ+∇ · v =
q
ρ
(A.4)
With the fluid being slightly compressible with compressibility c > 0, we get the following
∂ρ
∂t
= cρ
∂p
∂t
∇ρ = cρ∇p
as a result of which (A.3) is written as
φc
∂p
∂t
+
∂φ
∂t
+ v · c∇p+∇ · v =
q
ρ
Substituting (A.2) in the above, we get
φc
∂p
∂t
+
∂φ
∂t
− (Kρ(∇p− g)) · c∇p−∇ · (Kρ(∇p − g)) =
q
ρ
(A.5)
(A.5) is parabolic in p and degenerates to an elliptic equation in p in case the fluid is
incompressible (c = 0) as follows
∂φ
∂t
−∇ · (Kρ(∇p− g)) =
q
ρ
(A.6)
Appendix B. Parabolic hyperbolic elliptic nature of the differential equations
of immiscible two phase flow
The key to the understanding of the nature of the two phase equations lies in their
reduction to a system of one parabolic saturation equation conventionally posed in terms of
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the saturation of the wetting phase (water in water-oil systems) coupled with a parabolic
pressure equation posed in terms of a global, or the reduced, or the intermediate pressure
(Chavent and Jaffre´ [7]).
• The parabolic pressure equation degenerates to an elliptic equation in case both the
fluids are incompressible.
• The parabolic saturation equation degenerates to a first order hyperbolic equation in
case the wetting fluid is incompressible and the capillary pressure is ignored.
The equations of continuity for immiscible two phase flow along with the Darcy’s law are
given by
∂(φρβSβ)
∂t
+∇ · (ρβvβ) = qβ (B.1)
vβ = −Kχβ(∇pβ − ρβg) (B.2)
where β ≡ w for the water (wetting) phase, β ≡ o for the oil (non-wetting) phase, vβ is the
volumetric velocity of the phase β and χβ ≡
krβ
µβ
. The equations (B.1) can also be written
as
1
ρβ
∂(φρβSβ)
∂t
+
1
ρβ
∇ · (ρβvβ) =
qβ
ρβ
Sβ
∂φ
∂t
+ φ
∂Sβ
∂t
+
φSβ
ρβ
∂ρβ
∂t
+∇ · vβ + vβ ·
∇ρβ
ρβ
=
qβ
ρβ
(B.3)
With both fluids being slightly compressible with compressibilities cβ > 0, we get the
following
∂ρβ
∂t
= cβρβ
∂pβ
∂t
∇ρβ = cβρβ∇pβ
as a result of which (B.3) can be written as
Sβ
∂φ
∂t
+ φ
∂Sβ
∂t
+ φSβcβ
∂pβ
∂t
+∇ · vβ + vβ · cβ∇pβ =
qβ
ρβ
(B.4)
Adding the individual phase equations (B.4) and invoking the relation So + Sw = 1 results
in
∂φ
∂t
+
φ(1 − Sw)
ρo
∂ρo
∂t
+ coφSo
∂po
∂t
+ cwφSw
∂pw
∂t
+ vo · co∇po + vw · cw∇pw
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+∇ · (vo + vw) =
qo
ρo
+
qw
ρw
Introducing a ‘total velocity’ v ≡ vo + vw in the above equation results in
∇ · v = −
∂φ
∂t
− coφSo
∂po
∂t
− cwφSw
∂pw
∂t
− vo · co∇po − vw · cw∇pw +
qo
ρo
+
qw
ρw
(B.5)
The total velocity is given by
v = vo + vw = −Kχo(∇po − ρog)−Kχw(∇pw − ρwg)
Invoking the capillary pressure pc = p0 − pw in the above, we get
v = vo + vw = −Kχo(∇po − ρog) −Kχw(∇po −∇pc − ρwg)
= −K(χo + χw)∇po +Kχw∇pc +Kχoρog +Kχwρwg
Introducing χ = χo + χw in the above equation, we get
v = −Kχ∇po +Kχw∇pc +Kχoρog +Kχwρwg
= −Kχ(∇po −
χw
χ
∇pc −
χo
χ
ρog−
χw
χ
ρwg)
Introducing G = χo
χ
ρog +
χw
χ
ρwg in the above equation, we get
v = −Kχ(∇po −
χw
χ
∇pc −G) (B.6)
Further, introducing a ‘global pressure’ p such that
∇p ≡ ∇po −
χw
χ
∇pc (B.7)
we get the following
v = −Kχ(∇p−G) (B.8)
Appendix B.1. The pressure equation
Substituting (B.8) in (B.5), we get
−∇ · (Kχ(∇p−G))
= −
∂φ
∂t
− coφSo
∂po
∂t
− cwφSw
∂pw
∂t
− vo · co∇po − vw · cw∇pw +
qo
ρo
+
qw
ρw
(B.9)
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(B.9) is parabolic in global pressure p and degenerates to an elliptic equation in p in case
both the fluids are incompressible (cβ = 0) as follows
−∇ · (Kχ(∇p−G)) = −
∂φ
∂t
+
qo
ρo
+
qw
ρw
We rewrite (B.7) as
∇p ≡ ∇po −
χw
χ
∇pc =
1
2
(∇po +∇pw) +
1
2
(∇po −∇pw)−
χw
χ
∇pc
=
1
2
(∇po +∇pw) +
1
2
∇pc −
χw
χ
∇pc
=
1
2
(∇po +∇pw) +
1
2
(
χo − χw
χ
)
∇pc
Integrating the above equation results in an expression for the global pressure as follows
p =
1
2
(po + pw) +
1
2
Sw∫
Sc
(
χo − χw
χ
)
∂pc
∂Sw
∇Sw
where Sc is the value of water saturation at which the capillary pressure is zero.
Appendix B.2. The saturation equation
In lieu of (B.4), the equation of continuity of the water phase is
Sw
∂φ
∂t
+ φ
∂Sw
∂t
+ φSwcw
∂pw
∂t
+∇ · vw + vw · cw∇pw =
qw
ρw
(B.10)
Now, multiplying (B.6) by χw
χ
, we get
χw
χ
v = −Kχw(∇po −
χw
χ
∇pc −G)
Substituting po = pc + pw in the above equation results in
χw
χ
v = −Kχw(∇pc +∇pw −
χw
χ
∇pc −G)
= −Kχw(∇pw − ρwg +
χo
χ
∇pc −G+ ρwg)
= −Kχw(∇pw − ρwg) −Kχw(
χo
χ
∇pc −
χo
χ
ρog −
χw
χ
ρwg + ρwg)
= vw −Kχw
χo
χ
(∇pc − (ρo − ρw)g)
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which can be written as
vw =
χw
χ
v +Kχw
χo
χ
(∇pc − (ρo − ρw)g) (B.11)
Substituting (B.11) in (B.10), we get
Sw
∂φ
∂t
+ φ
∂Sw
∂t
+ φSwcw
∂pw
∂t
+∇ · (
χw
χ
v +Kχw
χo
χ
(∇pc − (ρo − ρw)g))
+ (
χw
χ
v +Kχw
χo
χ
(∇pc − (ρo − ρw)g)) · cw∇pw =
qw
ρw
(B.12)
(B.12) is parabolic in water saturation Sw and degenerates to a first order hyperbolic equa-
tion in Sw in case water is incompressible (cw = 0) and capillary pressure is ignored (pc = 0)
as follows
Sw
∂φ
∂t
+ φ
∂Sw
∂t
+∇ · (
χw
χ
v−Kχw
χo
χ
(ρo − ρw)g) =
qw
ρw
(B.13)
Appendix C. Evaluation of auxiliary derivatives
The Eulerian porosity variation in a deformable porous medium is approximated as
(Geertsma [14], Brown and Korringa [5])
δφ =
(
α− φ
Kb
)
(δσv + δp¯)
Imposing the fixed mean stress constraint δσv = 0 results in
δφ =
(
α− φ
Kb
)
δp¯
Using the relation for the mean stress σv = Kbǫ− αp¯ and the fixed mean stress constraint
δσv = 0 results in
δǫ =
α
Kb
δp¯
and in lieu of the relationship φ∗ = φ(1 + ǫ), the Lagrangian porosity variation is given by
δφ∗ = φδǫ+ (1 + ǫ)δφ =
(
(φ+ 1 + ǫ)
α
Kb
−
φ∗
K
)
δp¯
In lieu of all of the above, we get
∂φ
∂p¯
= α−φ
Kb
∂φ∗
∂p¯
= (φ+ 1 + ǫ) α
Kb
− φ
∗
K
∂ǫ
∂p¯
= α
Kb


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